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Bleed Valve Rate Requirements Evaluation in Rotating
Stall Control on Axial Compressors
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The actuator rate requirements are evaluated for control of rotating stall using a bleed valve and to provide
tools for predicting these requirements. Modi� cation of both the stable and unstable parts of the compressor
characteristic via addition of continuous air injection serves to reduce the requirement of a bleed valve used for the
purpose of rotating stall stabilization. Analytical tools based on low-order models (2–3 states) and simulation tools
based on a reduced-order model (37 states) are described. A bleed actuator rate limit study is presented to compare
the actuator requirements predicted by theory, simulation, and experiment using a single-stage, low-speed, axial
compressor. The comparisons show that the predictions obtained from theory and simulationsshare the same trend
as the experiments, with increasing accuracy as the complexity of the underlying model increases. Some insights
on the design of bleed–compressor pair are given.

Nomenclature
A = amplitude of � rst Fourier mode
Anom = amplitude of � rst Fourier mode of fully developed

stall cell
B, lc, m, l = compressor model parameters, see Ref. 4
Cx = axial � ow velocity
J = squared amplitude of � rst Fourier mode, A2

K RS = gain for control of rotating stall in Liaw–Abed5

control law
KSU = gain for control of surge in Eveker et al.13 control

low
K X = gain estimation from method X
RX = rate estimation from method X
U = mean rotor speed
u = bleed valve control effort
umag = magnitude saturation of the bleed actuator as

percentageof c ¤

u rate = bleed valve rate limit in rotor revolutions for valve
to open from fully closed

c = throttle coef� cient, U T ( w ) = c
p

w
c ¤

0 = value of throttle coef� cient at stall inception that
corresponds to the case of in� nite actuator
bandwidth, gain, and in� nitely small noise level

d P = pressure rise
² = noise level of the system expressed as a percentage

of J
q = density of air
U T ( w ) = nondimensionalizedthrottle characteristic as a

function of w
u = nondimensionalizedaxial � ow velocity, Cx / U
u ¤ = u at peak of compressor characteristic
W c( u ) = nondimensionalizedcompressor characteristic as a

function of u
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w = nondimensionalizedpressure rise, d P / ( q U 2)
w ¤ = w at peak of compressor characteristic

I. Introduction

R OTATING stall and surge are two types of instabilitiesthat oc-
cur in axial � ow compressorsystems such as those in a gas tur-

bine engine. Rotating stall refers to a nonaxisymmetric� ow pertur-
bation that travelsaroundthe annulusof the compressor(sometimes
referredto as a stall cell), whereas surge is a large axial oscillationof
the � ow. Typical effects of rotating stall and surge range from stress
and wear on the compressorblades, to perturbationof the operation
of the components downstream of the compressor in the engine, to
destruction of the engine. Active control of rotating stall and surge
can lead to an increase in the stability of a compressor against vari-
ous disturbances such as inlet distortions and power transients. As
a result, a compressor with active controls can operate closer to the
current stall/surge line. The bene� ts can be realized in variousways
including increasedpoints of ef� ciency, lower takeoff gross weight,
lower speci� c fuel consumption, and stability/operability enhance-
ment in maneuvers. Examples can be found in a set of reports pre-
pared by Pratt and Whitney,1 General Electric Aircraft Engines,2

and Allison Gas Turbine3 for the National Technical Information
Service of the U.S. Department of Commerce on an evaluation of
control concepts applied to gas turbine engine operations for both
civilian and military aircraft.

Modeling and active control of rotating stall and surge have been
investigated by a number of researchers. A simpli� ed model was
derived by Greitzer and Moore4 for a compression system that ex-
hibits rotating stall and surge. Based on this model, Liaw and Abed5

derived a control law using a bleed valve for rotating stall. Experi-
mental evaluationsand analysis of other control laws using various
types of actuators were investigated by other groups, including but
not limited to Badmus et al.,6,7 Paduano et al.,8 Day,9 Gysling and
Greitzer,10 D’Andrea et al.,11 Freeman et al.,12 Eveker et al.,13 and
Yeung and Murray.14,15 Eveker et al.13 is the � rst group to report
successfulexperimental implementationof a bleed valve controller.
In particular, the bleed valve actuation method tested by Eveker
et al. employs a 25-Hz (full open/full close) bleed valve and reports
results on a compressor with a rotor frequency between 22.5 and
26.7 Hz; D’Andrea et al.11 proposed a pulsed air injection method
thatuses200-Hzbinary injectionactuatorsdrivenby solenoidvalves
on a compressor with a rotor frequencyof 100 Hz; the recirculation
study reported by Freeman et al.12 uses 300-Hz sleeve valves on a
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compressor with a 106-Hz stall frequency. For industrial applica-
tions where the compressors may be signi� cantly more powerful
(higher � ow and pressure rise, higher rotor frequency, etc.) than re-
search compressors, obstacles such as control actuator magnitude
and rate saturation can become crucial in these active control meth-
ods. Tools that predict and reduce the rate requirements of actua-
tors for purposes of control of rotating stall in compressors can be
valuable in designingactuatorsand circumventingpossibleactuator
magnitude and rate limitations that may prevent successful active
control implementations.

Attempts to control rotating stall on a single-stage, low-speed
axial compressorat the California Instituteof Technologywere car-
ried out initially with a high-speed bleed actuator, and results were
unsuccessful due to the fast growth rate of the stall cell relative
to the rate limit of the valve.14 It has been shown by D’Andrea
et al.11 that air injection can be modeled as a shift of the com-
pressor characteristic.By adding continuousair injection, the com-
pressor characteristic is shifted favorably for bleed valve control of
rotating stall, and demonstration of control is achieved only with
the compressor characteristic actuation.14,15 On the California In-
stitute of Technology rig, the amount of compressor characteristic
shifting can be varied by modifying the geometric features of the
injection actuators setup,16 providing a family of compressor char-
acteristics. In this paper, results of an investigation of the tradeoff
between actuation of the compressor characteristic and the bleed
valve rate requirement are documented. The scope of the investi-
gation is to show feasibility, from a control systems perspective,
of the control of rotating stall using bleed valves, the reduction
of bleed valve requirements by shifting the compressor character-
istic in a favorable direction, the functional relations between the
bleed valve requirements and the characteristic shifts, and � nally
to demonstrate the concepts on theoretical, simulated, and experi-
mental platforms.The investigationis directedtoward the following
goals:

1) Identify possible functional dependence of the rate limit of a
bleedvalve in controlof rotatingstallon the shapeof thecompressor
characteristic.

2) Provide a proof of concept on a possible route to circumvent
bleed valve rate limitation given the capability of actuation or mod-
i� cation of the compressor characteristic.

3) Provide insights for designing a compressor–bleed pair for the
purposes of stabilizationof rotating stall.

This paper is organized as follows. Section II describes the fea-
tures of a low-order model of rotating stall and surge proposed by
Moore and Greitzer.4 The modeling of bleed actuation and contin-
uous air injection is introduced as a modulation of the throttle5 and
the compressor characteristic,11 respectively. The relevant control
law will be given for the bleed valve. Analytical formulas are pre-
sented as theoretical tools used for predicting the minimum gain
in the control law and the rate limit of the bleed valve required
for stabilization. A brief description of the simulation tools using
a reduced-order model proposed ends the section. Section III de-
scribes the experimental setup at the California Institute of Tech-
nology including details of the sensing and actuation equipment.
Section IV presents the results of control of rotating stall using
a bleed valve with continuous air injection. A comparison study
correlating the theory, simulation, and experiment in terms of the
values of the gain and rate and the various features of the compres-
sor characteristic is included to validate the theoretical and simula-
tion tools. Finally, we summarize the � ndings of the investigation
in Sec. V.

II. Modeling and Theory
This section� rst gives a brief reviewof the main featuresof a low-

order model proposed by Moore and Greitzer.4 Modeling of bleed
actuation in the model is introduced, and a review of a control law
proposedby Liaw and Abed5 is given.Expressionsfor the minimum
gain and rate required for peak stabilization of rotating stall are
presented. The section then ends with a brief description of the
simulation tool using a high-� delity model proposed by Mansoux
et al.17

A. Moore–Greitzer Model

To describe the basic behavior of the compression system, we
make use of a low-ordermodel derivedby Moore and Greitzer.4 The
main assumptions of the model are that the compressor of interest
can be represented by a semiactuator disk (has an in� nite number
of blades) and that the interblade row space dynamics is ignored.

The model consists of three ordinary differential equations de-
scribing the evolution of the nondimensionalizedaxial � ow veloc-
ity u , nondimensionalized pressure rise w , and the square of the
amplitude of the � rst Fourier mode J = A2:

Çw =
1

4lc B2
[u ¡ U T ( w )], Çu =

1
lc

W c( u ) ¡ w +
J

4

@2 W c( u )

@u 2

ÇJ =
2

l + m
J

@W c( u )

@u
+

J

8

@3 W c( u )

@u 3
(1)

where the throttle characteristic U T ( w ) = c
p

w with c being the
throttle coef� cient. The compressor characteristic W c( u ) is a map
containing information about the performanceof the compressor at
variousvalues of the � ow in the system. Figure 1 shows an example
of a compressorcharacteristicandan hysteresisloopassociatedwith
rotating stall obtained experimentally.

The equilibriaof the system are stablefor largevaluesof the throt-
tle coef� cient c . As c is decreased, a critical value c ¤ is reached,
and the system exhibits a subcritical transcritical bifurcation in the
J – c plane (Fig. 2). Because J = A2 ¸ 0, we ignore the negative
branch of the bifurcation diagram for rotating stall. At c = c ¤ , the
stability of the J = 0 equilibrium point changes from stable to un-
stable. However, there is a stable J > 0 equilibrium that coexists
with the J = 0 equilibrium, and thus, the system stalls. With J > 0,
if the value of c is increased, the system continues to stay along
the J > 0 branch of the solution instead of unstalling immediately.

Fig. 1 Typical compressor characteristic and stalled operation.

Fig. 2 Transcritical bifurcation in J–° plane.
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Fig. 3 Relation of controller gain and behavior of bifurcation.

The system eventually unstalls when the value of c reaches a point
where the J > 0 solution loses stability. This behavior is observed
on axial compressors as a hysteresis loop due to rotating stall.

B. Bleed Valve Control

For stall control, Liaw and Abed5 proposed a control law that
modi� es the throttle characteristic:

U T ( w ) = ( c + u) w , u = K RS J

This control law can be realized experimentally through the use
of a bleed valve. For a large enough value of K RS , the nominally
unstablebranchof equilibriumsolutioncreatedat c = c ¤ bendsover
and eliminates the hysteresis loop, that is, the subcritical nature of
the transcritical bifurcation is changed to supercritical (Fig. 3).

By substituting the stall control law and computing the quantity
dJ /d c at the stall inception throttle coef� cient c ¤ , the minimum
gain needed for this phenomenonto occur can be found by asserting
the conditionthat (dJ / d c ) j c = c ¤ < 0 (Fig. 3). The expressionfor the
minimum gain required for peak stabilization is given by

K theory = K RS,min = ¡
u ¤ W 0 0 0

c ( u ¤ )

8 c ¤ w ¤ W 0 0
c ( u ¤ )

¡
c ¤ W 0 0

c ( u ¤ )

8 w ¤
(2)

which depends on the shape of the compressor characteristic. Be-
cause the second term is always nonnegative around the peak, the
larger the valueof W 0 0 0

c ( u ¤ ) is the smaller K RS,min. Roughlyspeaking,
this amounts to a compressorcharacteristic that is more � lled out to
the left of the peak. This expression serves as one of the theoretical
tools for predicting the bleed valve requirement needed for peak
stabilization.

In addition to the minimum gain, the requirement on the charac-
teristicsof the bleedactuatorfor controlof stall canalsobe analyzed.
The detailedtheoreticalanalysisfor the effectsof actuator limits can
be found in Refs. 18 and 19 by Wang and Murray. In the following
we only sketch the ideas qualitatively and present the main results
that are used for comparisons in later sections.

A study of the effects of actuator magnitude and rate saturations
can be motivated using Fig. 4. Figure 4a shows the effects of the
Liaw–Abed5 controllerwith � nite magnitude saturationand in� nite
bandwidth. The bleed valve controller fails to stabilize stall when
the magnitude saturation is reached and, thus, cannot eliminate the
hysteresis loop beyond c K . Furthermore, any arbitrarily small noise
of J will grow to fully developed rotating stall no matter how big
the controller gain is if the throttle is operated at c < c ¤

0 , where c ¤
0

is the value of the throttle coef� cient at stall inception that corre-
sponds to the case of in� nite actuatorbandwidth,gain, and in� nitely
small noise level. It can also be seen that the region enlarged by the
controller is much smaller than the unsaturated case (Fig. 3) if the
magnitude saturation is severe.

Suppose that the rate limit is � nite in addition to the magnitude
saturation. Then the region enlarged by the bleed valve control is
even smaller (shaded region in Fig. 4b). Roughly speaking, the re-
gion of attraction of the operable equilibria is decreased as the rate
limit of the actuator decreases. As a result the extended operable
region is further restrained.

a) Saturation with in� nite bandwidth

b) Saturation with � nite bandwidth

Fig. 4 Effects of Liaw–Abed5 control law with actuator limits: ——,
stable equilibria and – – –, unstable equilibria.

The noise level for a real compression system is not arbitrarily
small. When the noise level is of � nite amplitude, the open-loop
system will go to rotating stall at a throttle coef� cient that is larger
than c ¤ . In this case, the region enlarged by active control becomes
even smaller. In the following we give an approximate analysis to
evaluate the shaded region in Fig. 4.

Consider the Moore–Greitzer4 model given in Eq. (1). Suppose
the Ref. 4 B parameter is suf� ciently small, such that the surge
dynamics is exponentially stable and the compressor characteristic
is smooth. The transcritical bifurcation for the uncontrolled system
at c ¤ implies the existenceof a center manifoldnear the transcritical
bifurcation point. By viewing the control input u as a parameter,
system (1) can be reduced to the center manifold when the throttle
is operated near the stall inception point c ¤ . The dynamics on the
center manifold is given by the following one-dimensionalsystem:

ÇJ = a 1( d + u)J + a 2 J 2 (3)

where

d = c ¡ c ¤ , a 1 =
2

p
w ¤ W 0 0

c

m + l

a 2 =
1

4(m + l )
W 0 0 0

c +
c ¤ W 0 0

c
2

p
w ¤

and all of the derivativesare evaluatedat the peak of the compressor
characteristic. To account for the magnitude and rate limits of the
control input u, we assume that the actuator opens according to the
rate limit and saturates (Fig. 5). The system then has the following
boundary conditions:

J (0) = ², u(0) = 0

J (umag /u rate) = Jc = ¡ (a 1 / a 2)(umag + d ), u(umag / u rate) = umag

(4)

where ² is the noise level of the system.
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The analytical solution to Eq. (3) can be dif� cult to obtain. How-
ever, an approximation to the solution of this two-point boundary
value system can be obtained. The rate limit requirement for stall
stabilizationin a systemof a givennoise level can then be found.18,19

Let

D =1 +
a 1 d

a 2²
, g = a 2²n , f =

J

²
, Jc =²( r + 1 ¡ D )

r =
¡ a 1umag

a 2²
, ¯g = a 2²

umag

urate
, f 0 =

d f

dg
, k =

r

¯g

Fig. 5 Controllers constrained by magnitude and rate limits.

Fig. 6 Phase portrait of the system [Eq. (3)].

Fig. 7 Comparison of analytical formulas with full Moore–Greitzer model4 and center manifold: ——, simulations of the full model; ¢ ¢ ¢ ¢ , simula-
tions of the reduced center manifold system; – – – , results by formula (5); and – ¢ –, results by formula (6).

then Eq. (3) with initial and � nal conditions (4) can be written as
follows:

f 0 = ( D ¡ 1 ¡ k g ) f + f 2

f (0) = 1, f ( ¯g ) = 1 + r ¡ D

The approximationto the solutionof f ( ¯g ) can be obtainedas fol-
lows. Additional boundary conditions characterizing derivatives at
the boundariescan be obtained from f 0 . A form for the function f is
then assumed while satisfying the desired boundary conditions.For
instance,by letting f ( g ) satisfy the followingboundaryconditions,

f (0) = 1, f ( ¯g ) = 1 + r ¡ D , f 0 (0) = D , f 0 ( ¯g ) =0

we obtain

¡ a 2² D ¤ a 1 = ¡ a 2²D ¤
1 a 1

= umag {1 + ( p / 8) r ¯g 2 arctan[( p / 4) r ¯g ]} (5)

after algebraic manipulations,where D ¤ is the extension of the op-
erable region as a percentage of c ¤ . By specifying D ¤

1 , the value
of urate (part of ¯g ) required can be obtained. This value of urate is
referred to as R1theory . Alternatively,

¡ a 2² D ¤
2

a 1
= umag

1 ¡ (2/ p ) arctan[( p / 4) r ¯g ]
1 ¡ [r / (1 + r )](2/ p ) arctan[( p / 4) r ¯g )]

(6)

is obtainedif a slightlydifferentset of boundaryconditionsis chosen
(see Wang and Murray18,19 for details). A value for R2theory can be
obtained similar to the earlier case. These different boundary con-
ditions essentially translate to different values of the growth/decay
as the trajectory of J starts and ends (Fig. 6).

Formulas (5) and (6) are used in later sections to compare with
results from simulations of a high-� delity model and experiments.
Figure 7 (Ref. 19) displays a comparison of the extension of the
stable region (D ¤ ), using simulations, between the full three-state
Moore–Greitzer model,4 the center manifold,18,19 and formulas (5)
and (6).

Note that because these formulas are based on approximate solu-
tions to the dynamics on the local center manifold of the three-state
Moore–Greitzer model,4 which is a vastly simpli� ed model, they by
no means capture the quantitativerelations between the compressor
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� uid dynamic instabilitiesand their interactionswith the bleedvalve
actuators. However, the center manifold gives at least a guideline,
from a systems-levelprospective,on the qualitativeparametric rela-
tions between the operability enhancement, the actuator magnitude
and rate saturation limits, the noise level, and most importantly,
the shape of the compressor characteristic. Because the formulas
are very sensitive to the second and third derivatives at the peak of
the compressor characteristic, the characteristic used should be an
analytical (usually polynomial) � t to the experimentally obtained
characteristic over a large � ow range. The theoretical analysis for
the case when the characteristic is not analytic at the peak has also
been carried out by Wang and Murray.19

C. Simulation Model

A high-� delity model proposedby Mansoux et al.17 is used as the
basis of the simulation tool. The model proposed by Mansoux et al.
takes the form

Çu = ¡ Ẽ ¡ 1 ¢ Ã ¢ u + W c( u ) ¡ T ¢ ¯w

Ç̄w = 1 4B2lc [S ¢ u ¡ U T ( ¯w )]

where

Ẽ = G ¡ 1 ¢ DE ¢ G, Ã = G ¡ 1 ¢ DA ¢ G

DE =

lc 0 0 0 ¢ ¢ ¢ 0

0 (m /1 + l ) 0 0 ¢ ¢ ¢ 0

0 0 (m /1 + l ) 0 ¢ ¢ ¢ 0
...

0 0 0 ¢ ¢ ¢ (m / N + l ) 0

0 0 0 ¢ ¢ ¢ 0 (m / N + l )

DA =

0 0 0 0 ¢ ¢ ¢ 0

0 0 k 0 ¢ ¢ ¢ 0

0 ¡ k 0 0 ¢ ¢ ¢ 0
...

0 0 0 ¢ ¢ ¢ 0 N k

0 0 0 ¢ ¢ ¢ ¡ N k 0

G =
2
M

1/
p

2 1/
p

2 ¢ ¢ ¢ 1/
p

2

cos(h 1) cos(h 2) ¢ ¢ ¢ cos(h M )

sin(h 1) sin(h 2) ¢ ¢ ¢ sin(h M )

cos(2h 1) cos(2h 2) ¢ ¢ ¢ cos(h M )

sin(2h 1) sin(2h 2) ¢ ¢ ¢ sin(2h M )
...

...
...

...
cos(2h 1) cos(2h 2) ¢ ¢ ¢ cos(h M )

sin(N h 1) sin(N h 2) ¢ ¢ ¢ sin(N h M )

h n = 2 p n / M , S = [1/ M 1/ M ¢ ¢ ¢ 1/ M]

T = [1 1 ¢ ¢ ¢ 1]T

and M = 2N + 1, where N is the number of Fourier modes. This
formulation of the Moore–Greitzer model4 is suitable for control
analysis and design and allows accounting of higher modes.

Some realistic considerationsare included. One example of such
effects is unsteady losses20 with the form:

W c = W c,qs = W c, isen ¡ Lr ¡ L s , ÇLr = 1/ s r (Lr,ss ¡ Lr )

Lr,ss = R( W c, isen ¡ W c, qs), ÇLs = 1/ s s(L s,ss ¡ L s)

L s, ss = (1 ¡ R)( W c, isen ¡ W c,qs)

where W c,qs = W c is the quasi-static compressor characteristic,
W c, isen the isentropic compressor characteristic, Lr the losses as-
sociated with the rotor, L s the losses associated with the stator, R
the reaction, and subscript ss steady state. Another example is the
dynamics of the actuator such as magnitude, bandwidth, and rate
limitations. For the simulations reported in this paper, a simulation
with � ve Fourier modes resulting in 34 states for the compressor
and 3 states for the bleed actuator is used.

III. Experimental Setup
The CaliforniaInstituteof Technologycompressor rig is a single-

stage, low-speed, axial � ow compressor with sensing and actuation
capabilities. Figure 8 shows of the rig and Fig. 9 a magni� ed view
of the sensor and injection actuator ring.

The compressor is an Able Corporation Model 29680 low-speed
single-stageaxial compressorwith 14 blades, a tip radius of 8.5 cm,
and a hub radiusof 6 cm. The blade staggerangle varies from 30 deg
at the tip to 51.6 deg at the hub, and the rotor to stator distance is
approximately 12 cm (1.4 rotor radii). Experiments are run with a
rotor frequency of 100 Hz, giving a tip Mach number of 0.17. In
the con� guration shown in Fig. 8, rotating stall is observed to occur
with a frequency of approximately 67 Hz. With a plenum attached
at the outlet (for compliance effects), surge occurs at approximately
1.8 Hz. Data taken for a stall transition event suggest that the stall
cell grows from the noise level to its fully developed size in approx-
imately 30 ms (3 rotor revolutions). At the stall inception point,
the velocity of the � ow through the compressor is approximately
16 m/s.

Note that the theoretical and simulation models are based on the
assumptions made in the Moore–Greitzer model (Ref. 4, also see
Ref. 17) that assumes an in� nite number of bladesand ignores inter-
blade row space dynamics. Whereas the speci� c details of the ex-
perimental facility used for demonstrationreported in this paper are
different than these assumptions,the qualitativeagreementbetween
all three aspects of the work, as described in Sec. IV, reaf� rms that
the investigationis carried out to study a system-levelphenomenon,
namely, the bleed actuator requirement for control of rotating stall.

Six static pressure transducers with 1000-Hz bandwidth are
evenly distributed along the annulus of the compressor at approxi-
mately 5.7 cm (1.1 rotor radii) from the rotor face. By performing a
discrete Fourier transform on the signals from the transducers, the
amplitude and phase of the � rst and second Fourier modes of the
pressure perturbationof a nonaxisymmetric disturbancecan be ob-
tained. For rotating stall detection,the relationbetween the pressure
and velocity perturbationassociatedwith a rotating stall cell can be
found by Behnken.21 The differencebetween the pressure obtained
from one static pressure transducer mounted at the piezostatic ring
at the inlet and that from the piezostatic ring downstream near the
outlet of the system is computed as the pressure rise across the com-
pressor. The mass � ow and, hence, velocity of the system can be
calculated using the pressure from the inlet, as well as a hot-wire
anemometer mounted approximately 13.4 cm (1.6 rotor radii) up-
stream of the rotor face. For the velocity measurements associated
with the surge cycle data described in Sec. IV, which require higher
bandwidth, the hot-wire anemometer is used. The former is used for
all other velocitymeasurements.All of the sensorsignalsare � ltered
througha fourth-orderBessel low-pass � lter with a cutoff frequency
of 1000 Hz before the signal processing phase in the software.

A high-speed bleed value and a low-speed bleed valve are avail-
able on the California Institute of Technology rig. The high-speed
bleed valve, used primarily for stall control, has a magnitude sat-
uration of 12% (corresponding to an area of 11.4 cm2) of the � ow

Fig. 8 Experimental setup.
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Fig. 9 Sensor and injection actuator ring.

at the stall inception point and is approximately 26 cm (3.1 rotor
radii) downstream of the rotor. Examination of pressure transduc-
ers’ signals indicate no detectable nonaxisymmetric in� uence by
the high-speedbleed valve. The low-speed valve, used primarily for
surge control and throttle disturbance generation, has a magnitude
saturationof 30% of the � owof the systemat the stall inceptionpoint
and is estimated to have a small signal (§5-deg angle modulation)
bandwidth of 50 Hz and a large signal (§90-deg angle modulation)
bandwidth of 15 Hz.

The air injectors are on–off type injectors driven by solenoid
valves. For applications on the California Institute of Technology
compressor rig, the injectors are fed with a pressure source supply-
ing air at a maximum pressure of 80 psig. The injectors are located
at approximately10.4 cm (1.2 rotor radii) upstream of the rotor. Be-
cause of signi� cant losses across the solenoid valves and between
the valves and the pressure source, the injector back pressure read-
ing does not represent an accurate indication of the actual velocity
of the injected air on the rotor face. By use of a hot-wire anemome-
ter, the maximum velocities of the velocity pro� le produced by the
injected air measured at a distance equivalent to the rotor–injector
distance for 50 and 60 psig injectors back pressure are measured
to be approximately 30.2 and 33.8 m/s, respectively. At the stall
inception point, each injector can add approximately 1.7% mass,
2.4% momentum, and 1.3% energy to the system when turned on
continuously at 60-psig injector back pressure. The bandwidth as-
sociated with the injectors is approximately 200 Hz at 50% duty
cycle. The angle of injection, the injector back pressure, the axial
location of the injectors, and the radial location of the injectors can
all be varied.

All experiments are run in real time using Sparrow,22 with a
sampling frequency of 2000 Hz on a Pentium 100-MHz personal
computer.

IV. Results
In this section,we present the results for axisymmetricbleed with

continuous air injection. Control of rotating stall is demonstrated
� rst. A descriptionof the procedure leading to the comparisonstudy
is then given, followed by the results. Note that the theoretical gain
and rate predictions are obtained analytic compressor character-
istics, obtained by using polynomial � ts to experimental data, if
needed.

A. Demonstration of Control

At certain injector angles and locations, different injector back
pressure can reduce the size of the open-loop hysteresis loop by

Fig. 10 Identi� cationof compressorcharacteristic with continuousair
injection at 27 deg and 60-psig injector back pressure.

different amounts on the California Instituteof Technology rig. Ad-
dition of continuous air injection is conjectured to reduce rate and
magnitude requirements for bleed valve controlsof rotating stall by
changing the compressor characteristic.

To validate the conjecture, the air injector angle is set at 27 deg
(with positive angles implying countercompressor rotation) and
60-psig injector back pressure. With the plenum attached, surge
cycle data are taken, and the algorithm for identifying the unstable
part of the compressor characteristic is as described by Behnken.21

Figure 10 shows the results. Note that the nondimensional veloc-
ity u for the case with air injection has been adjusted to re� ect
the equivalent velocity to the case without air injection for a fair
comparison.

The identi� ed compressor characteristic is more � lled out on
the left of the peak. In Fig. 10, £ are experimental data points
of the stable side of the compressor characteristic with continuous
air injection, the right solid line curve is the polynomial � t of the
experimental data points, the left solid line curve is the identi� ed
unstable part of the characteristic in the presence of continuous
air injection, the dashed line is the compressor characteristic with
no air injection. The experimental surge cycles data for W c( u ) in
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the presence of air injection are indicated by the shaded region.
As shown in Fig. 10, the shape of the compressor characteristic is
shifted in the presence of continuous air injection.

The shifting of the compressor characteristicserves to reduce the
bandwidth and rate requirement of the bleed valve for control of
rotating stall. To observe this phenomenon, Eq. (2) can serve as
an initial tool. Equation (2) gives a formula for the minimum gain
required for stabilizationof rotatingstall at the peak of the compres-
sor characteristic. A fourth-order polynomial � t to the unactuated
compressor characteristic in Fig. 10 gives

W c( u ) = 0.71 ¡ 10.59 u + 60.80 u 2 ¡ 126.39u 3 + 87.48 u 4

with the peak at ( u , w ) = (0.38, 0.35) and the second and third
derivativevalues of ¡ 14.99 and 39.45, respectively.A similar � t to
the actuated characteristicgives

W c( u ) = 0.78 ¡ 8.82 u + 49.49 u 2 ¡ 104.77u 3 + 74.1331u 4

with the peak at ( u , w ) = (0.35, 0.38) and the second and third
derivative values of ¡ 12.07 and ¡ 5.92, respectively. Equation (2)
applied to the unactuated characteristic gives K RS,min,unact =4.00
and to the actuated case gives K RS ,min,act = 2.16 < K RS,min,unact .

With this evidence, a detailed experiment is carried out with the
injector back pressure set at 55 psig. Figure 11 shows the open- and
closed-loop behavior of the system in the u – w plane and the c – J
plane, respectively.

The closed-loop behavior is shown in Fig. 11. As shown in the
u – w and the c – J planes in the Fig. 11, the subcritical transcritical
bifurcation observed in the open loop is changed to supercritical
transcritical bifurcation in the closed loop, with no hysteresis loop,
as expected from the theory. Physically, the phenomenon of abrupt
stall followedby hysteresisis changedto progressivestall.Note that
althoughpart-spanand multiple short length-scalestall are common
causes for progressivestall,23,24 the associated� ndings are typically
observed in an open-loopsetting. In the case described in this paper,
a closed-loop phenomenon is being investigated.

Starting from the peak where the instability inception occurs, the
controlled equilibrium extends to the right of the peak with a de-
creased pressure. Note that there exists a stable J =0 solution for
the same net throttle coef� cient. Realization of this solution, how-
ever, is highly improbable due to the existence of actuator limits. In
theory, the J =0 solution could be maintained by choosing an in-
� nitely largegain.However, this choicewould not erase the actuator
limitationsbut only allow the actuator to operateon its limits. In this
case, although the gain is in� nite, the controlactionwill not be large
enough to support the commanded action. In addition, the choice
of in� nite gain would also lead to a number of problems including
chattering. A second issue regarding the realization of the J = 0

Fig. 11 Open- and closed-loop behavior of system on Á–Ã plane for control with bleed valve and continuous air injection at 55-psig injector back
pressure (decreasing ° implies closing throttle).

solution is noise in the system. Because noise exists in systems, the
availableoptions for controls and the effectivenessof controls often
depend on the noise level. For systems with low noise levels, a high
(though not in� nite by any means) gain controller is often feasible.
For systems with higher noise levels, the control practitioner often
uses either a low-gain controller, thus avoiding undesirablefeatures
such as chatteringbut sacri� cing performance,or a threshold on the
feedback signal under which control is not activated and an appro-
priategain.Here, the J =0 solutioncan be realizedonly if the noise
level is in� nitely small. Because the system under investigationhas
a � nite noise level as well as actuator limits, realizationof the J = 0
solution is highly improbable.

As the throttle continues to close, the bleed valve saturates, and
the system returns to the original stalled equilibria.The c – J plot in
Fig. 11 is expected to show the same observation.The mismatch at
low values of c is due to the formation of the second mode of stall
in the open-loop case. For the open-loop system with continuous
air injection, the second mode of rotating stall forms at a value of
c smaller than that for the formation of the � rst mode. At c =0.45
in Fig. 11, the second mode forms and becomes dominant, and the
amplitudeof the � rst mode is decreased.Further decrease in c leads
to a further reduction in the amplitude of the � rst mode. At around
c =0.33, the throttle is almost fully closed, and the � rst mode be-
comes dominant again. In the closed-loop case, this phenomenon
is not observed because the high-speed bleed valve saturates and
remains open. As a result, the main � ow level is not low enough for
the second mode of rotating stall to form.

B. Procedure for Comparison Study

We now compare the rate predictions derived in Sec. II with the
experimental results. The air injectors’ back pressure and angle are
varied to produce a set of scenarios. Data are taken and analyzed
to obtain the theoretical and simulation predictions, as well as the
experimental values for the rate limit requirement for stabilization
of stall.

The amount of the effects of air injection on the system can be
varied by modifying various geometrical characteristics of the in-
jector location and con� guration.16 For this study, the injector angle
relative to the axial � ow direction is variedbetween 27 and 40 deg in
the direction opposite of the rotor rotation, and the back pressureof
the injectors is varied between 40 and 60 psig, producing a total of
16 differentscenariosand the nominalopen-loopsystem without air
injection. At the various injection settings, experiments are carried
out to obtain the gain and rate values required for peak stabiliza-
tion. For this study, peak stabilization is achieved if the following
conditions are met during the experiment:

u ¸ 0.9 u ¤ , A · 0.5Anom
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where u ¤ is the � ow at stall inception and Anom is the amplitude
of fully developed stall without bleed valve control. Note that u ¤ is
taken experimentallyat the stall inception point for each case of the
injection setting under consideration.

The rate limits are determined on the experiment as follows. A
function is written to increment the gain until the conditionsof peak
stabilization are met. An analogous function is written for the rate.
The gain/rate required for peak stabilizationis then obtainedby � rst
setting the system operating point to stable but near-stall inception.
With the rate/gain � xed, injection and the controller are then acti-
vated with the gain/rate set to zero. The load of the compressor is
then increasedby changing the throttle setting until a nominally un-
stable operating point is reached. The gain/rate incrementing func-
tion then increments the variable of interest until peak stabilization
is achieved. The gain and rate obtained from the experiments are
referred to as Kexpt and Rexpt, respectively.

Among the 17 injection settings, peak stabilization is achieved
in 11 cases, and the nominally stable side of the compressor char-
acteristic is experimentally recorded at each of the 11 settings. The
unstablesidesfor eachof thesecasesare identi� edbyusing surgecy-
cle data with an algorithmproposedby Behnken.21 For this study, a
fourth-order polynomial is used to approximate the piecewise con-
tinuous curve for each case. Figure 12 shows the � tted compres-
sor characteristics.Thesepolynomialcompressorcharacteristicsare
then used with realistic values of various parameters, for example,
noise level in system, in analytical relations K theory , R1theory , and
R2theory and in simulations that estimate the gain Ksimu and rate
Rsimu requirements on the bleed valve for stall stabilization.

There is uncertaintyassociatedwith the computationof the theo-
retical predictions and the experimental data. Primarily because of
the unsteadiness of the � uid in the system, there is uncertainty in
each of the identi� ed compressor characteristics from the 17 set-
tings. Results computed using these characteristics,thus, inherit the
uncertainty that needs to be accounted for. The experiment gain
and rate data also have uncertainty associatedwith them, again due
primarily to unsteadinessof the system.

To determine the level of uncertainty associated with the theo-
retical predictions and the experiments, an investigation is carried
out on 3 of the 11 points, namely, experiment number 2 (expt2),
5 (expt5), and 7 (expt7) (Fig. 13). For each of these settings, 10
different segments of the surge cycle data are used to identify the
unstable side of the compressor characteristic. The resulting char-
acteristics are then used to compute the theoretical predictions, and
95% con� dence error bars (adjusted with T-statistics) are obtained
for K theory , R1theory , and R2theory. Similarly, for the uncertainty as-
sociated with the experimental gain and rate data, 10 experiments
are carried out for experiment 2, experiment 5, and experiment 7,
to give 95% con� dence error bars in Kexpt and Rexpt.

Fig. 12 Fitted compressor characteristics for the 11 cases.

C. Comparison Study

Based on the functional dependence of the analytical relations
for the minimum gain and rate requirementon W 0 0

c ( u ¤ ) and W 0 0 0
c ( u ¤ ),

an examination of Fig. 13 would indicate that experiment 5 should
require the least gain/rate, whereas experiment 7 should require the
most. The theory and simulations are expected to show at least a
qualitative trend with respect to the experiment.

The values of the gain predicted by the theory are plotted against
the gains obtained in the experiments in Fig. 14. In all of the plots
presented in this section, the dashed line represents the one-to-one
line between the theoretically and experimentally obtained values.
As shown in Fig. 14, the K theory estimates are not quantitativelyreli-
able but do present the qualitativemonotonic trend as expected.The
main factor contributing to the quantitative disagreement between
K theory and the experiment is the lack of actuator dynamics in the
derivation of the analytical expression. The bleed valve is assumed
to be ideal with in� nite bandwidth and magnitude saturation in the
analysiswhereas actuatorlimits arepresentin theexperiments.Nev-
ertheless, experiment 5 is predicted and veri� ed to require the least
gain, and experiment 7 the most.

Fig. 13 Identi� ed compressor characteristics at three different con-
tinuous air injection settings.

Fig. 14 Comparison of gain predicted by MG3 and experimental gain
required for stabilization of stall: x-direction bars are error bars as-
sociated with the uncertainty in computing the theoretical gain val-
ues [through identifying the unstable of W c(Á) using surge cycle data];
y-direction bars are error bars associated with the experimentally ob-
tained values.
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Fig. 15 Comparisonof rate predicted by theory and experimentalrate
required for stabilization of stall: x-direction bars are error bars asso-
ciated with the uncertainty in computing the theoretical rate values
[through identifying the unstable of W c(Á) using surge cycle data];
y-direction bars are error bars associated with the experimentally
obtained values.

Fig. 16 Comparison of gain and rate predicted by simulations and
experimental values required for stabilization of stall: y-direction bars
are error bars associated with the experimentally obtained values.

Fig. 17 Dependence of Ktheory on W 0 0
c (Á ¤ ) and W 0 0 0

c (Á¤ ); experiment, Expt; gain from theory, MG3; and simulation: x-direction error bars indicate
error in computing the derivatives [through identifying the unstable of W c(Á ¤ ) using surge cycle data]; y-direction error bars indicate the error in
computing/obtaining the predictions/experimental values. Note that the line � ts are not intended to represent the functional dependence as derived
from analytical formulas.

The values of the rate predicted by the two analytical relations,
R1theory and R2theory, are plotted against the rates obtained in the
experiments in Fig. 15. Note that the experiments show that the
rate requirement for peak stabilization is reduced from approxi-
mately 3300 cm2/s to below 230 cm2/s (with a magnitude satura-
tion at 11.4 cm2 ) by varying the amount of compressor character-
istic actuation. Regarding the theoretical tools used for prediction,
one can see from Fig. 15 that R1theory predicts the rate require-
ment more accurately than R2theory. Furthermore, R1theory seems
to be more accurate at more severe rate limit values. The main
difference between the two expressions originates from the differ-
ent ways an approximation to the solution of the one-dimensional
center manifold [Eq. (3)] of the Moore–Greitzer4 equations is
made. Despite their quantitativedifferences,a monotonictrend sim-
ilar to that observed in the theoretical gain comparison is again
displayed.

The values of gain and rate predicted by simulations are plotted
against the experimental values in Fig. 16. The gain and rate esti-
mates of the simulations match with the experimentally obtained
counterpartmore closely than the theoreticalpredictions.However,
there are a number of factors affecting the remaining difference. A
possible explanationfor this phenomenonis that the only difference
in the 11 simulations are the compressor characteristicsand the ef-
fective length parameter in the model lc. The effects of continuous
air injection on the system in certain cases may require modifying
more parameters in order to capture accurately the reality. A more
careful identi� cation of the system at each point should present a
more reliable simulation.

From the K theory expression,

K theory = ¡
u ¤ W 0 0 0

c ( u ¤ )

8 c ¤ w ¤ W 0 0
c ( u ¤ )

¡
c ¤ W 0 0

c ( u ¤ )

8w ¤

it can be seen that K theory depends linearly on W 0 0 0
c ( u ¤ ) and nonlin-

early on W 0 0
c ( u ¤ ). A similar conclusioncan be drawn for R1theory and

R2theory with a closer examinationof the expressions.The values of
the gains from the theory, simulations, and experiments are plotted
against W 0 0

c ( u ¤ ) and W 0 0 0
c ( u ¤ ) in Fig. 17.

The analogousplots for the rate expressionsare shown in Fig. 18.
It can be seen from both plots that the gain and rate values obtained
from theory, simulations, and experiments share the same trend on
their dependence on W 0 0

c ( u ¤ ) and W 0 0 0
c ( u ¤ ). Because the values of

these derivatives, which depend on the shape of the compressor
characteristic around the peak, that is, a combination of both the
stable and unstable parts, cannot be obtained without identifying
the unstable part of W c( u ), it is, thus, a natural conclusion that the
shape of the unstable part of W c contains information for the gain
and rate requirements of bleed valve control of stall.
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Fig. 18 Dependence of Rtheory expressions on W 0 0
c (Á¤ ) and W 0 0 0

c (Á¤ ): experiment (Expt) and rate expression n from theory (one D n). x-direction
error bars indicate the error in computing the derivatives [through identifying the unstable of W c(Á¤ ) using surge cycle data]; y-direction error bars
indicate the error in computing/obtaining the predictions/experimental values. Note that the line � ts are not intended to represent the functional
dependence as derived from analytical formulas.

Note that the reduction of the bleed actuator requirement via air
injection is demonstrated on the California Institute of Technology
rig for convenience only. Other realizations of compressor charac-
teristic actuationthat result in favorableshiftingof the characteristic
can serve to reduce the actuator requirement as well. Some poten-
tial mechanisms include air injection at the tip of the rotor, casing
treatments,25 complete or partial guide vanes that redirect the air
� ow, hub distortion on tip-loaded compressors,26 mistuning,27 and
compressor blade designs. Because each of these areas represents a
complex discipline, these options are mentioned as potential mech-
anisms only, and careful studies should be conducted to prove fea-
sibility.More informationon possible implementationsis described
in Ref. 28.

V. Conclusions
Theoretical and simulation tools have been developed to analyze

bleed valve requirements for control of rotating stall and have been
validated against experiments.Compressor characteristic actuation
via air injection is found to reduce the bleed valve rate requirement
for stall control.Both the stable and unstable side of the compressor
characteristic are changed by the addition of air injection and are
found to be crucial in analyzing the closed-loop system.

For the California Institute of Technology compression system,
the compressor characteristic is more � lled out on the left of the
peak in the presence of air injection, and the peak location, the sec-
ond derivative, and third derivative at the peak are different than
those of the unactuated characteristic.This change of system char-
acteristics reduces the bandwidth and magnitude requirementsof a
bleed actuator in performing bleed valve controls of rotating stall.
With a compressor rotor frequencyof 100 Hz, active control of stall
with a high-speed bleed valve is achieved only when the compres-
sor characteristic is actuated. Furthermore, the experiments show
that the bleed valve rate requirement is reduced from approximately
3300 cm2/s to below 230 cm2/s when the amount of compressor
characteristic actuation is increased. This actuation is captured by
a change of the shape and a shift in the peak of the compressor
characteristic. Theoretical tools based on a low-order model (2–3
states) and simulations based on a reduced-orderdistributed model
(37 states) have been developed to estimate the gain and rate re-
quirements of the bleed controller. All of the proposed analytical
formulas and simulations share the same qualitative trends with re-
spect to W 0 0

c , W 0 0 0
c , and the experiment. The agreement implies that

bleed valve control of rotating stall depends crucially on the rate
limit of the bleed valve that in turn depends on both the stable and
the unstable parts of the compressor characteristic.

The effects of air injection are accounted for via a shift of the
compressor characteristic in this paper, whereas the actual effects
are much more sophisticated.A more detailed � uid dynamic model

of the effects of air injection on compressors will provide a more
accurate basis for theoretical analysis as well as simulations.

The results documented on the theoretical and simulated control
of rotating stall, validated by their experimental counterparts, offer
some design guidelines (in the form of tools) for the compressor–
bleed pair for the purpose of rotating stall. However, aside from
rate limit, bandwidth and delay are also parts of actuator dynamics.
A comparison study of the theory, simulation, and experiments on
various features of actuator limitations will not only validate the
model and the analysis, but also allow a more complete picture of
how control implementation is affected. The resulting sensitivity
analysis can be used as a more complete set of design guidelinesfor
compressor–bleed pair constructionwith the intent of active control
of stall implementations.
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